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Abstract 
Machining quality of clean-up region has a strong influence on the performances of the impeller. In order to plan clean-up tool 
paths rapidly and obtain good finish surface quality, an efficient and robust tool path generation method is presented, which em-
ploys an approach based on point-searching. The clean-up machining mentioned in this paper is pencil-cut and multilayer fil-
let-cut for a free-form model with a ball-end cutter. For pencil-cut, the cutter center position can be determined via judging 
whether it satisfies the distance requirement. After the searching direction and the tracing direction have been determined, by 
employing the point-searching algorithm with the idea of dichotomy, all the cutter contact (CC) points and cutter location (CL) 
points can be found and the clean-up boundaries can also be defined rapidly. Then the tool path is generated. Based on the main 
concept of pencil-cut, a multilayer fillet-cut method is proposed, which utilizes a ball-end cutter with its radius less than the de-
sign radius of clean-up region. Using a sequence of intermediate virtual cutters to divide the clean-up region into several layers 
and given a cusp-height tolerance for the final layer, then the tool paths for all layers are calculated. Finally, computer imple-
mentation is also presented in this paper, and the result shows that the proposed method is feasible. 
Keywords: NC machining; impellers; tool path; clean-up; point-searching 
1. Introduction* 
In the machining of free-form surface parts, the 
processes are usually classified as roughing, semi-fini- 
sing, finishing and clean-up machining [1]. The purpose 
of clean-up machining is to remove uncut volumes 
which are left in concave regions after finishing ma-
chining, by employing ball-end cutters of the same or 
smaller size [2]. Machining quality and surface integrity 
of clean-up region have a strong influence on surface 
finish, anti-fatigue performance and intensity of the 
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machining part. Furthermore, clean-up machining is 
critical to the shortening of the total machining time of 
complex parts with detail, so tool path generation for 
clean-up is a very challenging problem in free-form 
surface machining. 
Many commercial CAD/CAM systems including UG, 
CATIA, POWERMILL and Work-NC are capable of 
generating clean-up tool paths, but very few methods 
have been published [3]. Traditional clean-up tool path 
generation for free-form surface uses equidistant-offset 
surface method [4-10]. The main concept of this method 
is to obtain the intersection curves of equidistant offset 
surfaces, then the intersection curves are used for gen-
erating clean-up tool path. It works well when there are 
fewer surfaces with continuous curvature at their edges. 
However, the machining free-form surface model  
usually has a few surfaces to be offset, and their  
normal directions are not the same so that generated  Open access under CC BY-NC-ND license.
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tool paths are often discontinuous, which greatly in-
crease the handling repairing work. Furthermore, this 
method is not robust for some surfaces with too small 
curvature radius. By making use of the byproducts 
(interfering ranges) of the pair-wise interfer-
ence-detection (PWID) offset algorithm, a method was 
proposed in Ref. [11] to identify clean-up regions. In 
Ref. [12], the clean-up tool paths was calculated by 
projecting the path pattern in the guide plane onto the 
cutter location (CL) surface for machining the 
clean-up regions. With regard to tool path generation 
for polyhedral machining, a contraction tool method 
was presented to construct the clean-up regions and to 
generate the clean-up tool paths [2]. The contraction 
tool method utilized a series of intermediate virtual 
cutters to search for clean-up boundaries and to gener-
ate the clean-up tool paths. In Ref. [13], a method 
which detected uncut regions through gaining the 
normal vectors and the angle of two normal vectors of 
adjacent surfaces was introduced, reverse-calculate 
was used to gain the machining regions, then pen-
cil-cut tool path was generated by a technique of the 
offset angle-bisector. Aimed at three-axis NC tool path 
generation for sculptured surfaces, a new curve-based 
approach was presented [14]. Later, the “curve-based 
approach” was employed to generate clean-up tool 
path [3]. The pencil-cut and fillet-cut paths were ob-
tained from the curve-based scanning tool paths on the 
xz, yz, and xy planes. This 3-axis clean-up tool path 
generation method cannot be applied to clean-up ma-
chining of impeller.  
Focusing on the clean-up tool path generation for 
multi-patch solid model, an efficient and robust sea- 
rching approach was presented [15]. The multi-patch 
model was considered as an integrated object and the 
searching strategy searched cutter-center points in both 
the physical domain and the parametric domain. How- 
ever, there is a limitation that the searching domain 
must be closed, and the searching algorithm could be 
optimized. 
Based on the research in Ref. [15], this paper pre-
sents a point-searching method for generating the 
clean-up tool paths for machining the free-form sur-
face impeller. The searching direction and tracing di-
rection are firstly determined to search clean-up 
boundaries and pencil-cut CL points. Then, given the 
number of machining layers and cusp-height tolerance 
for the last layer, multilayer fillet-cut paths can be cal-
culated. The remainder of this paper is organized as 
follows. In Section 2, the main process of the point- 
searching algorithm is introduced. Section 3 discusses 
tool path generation for pencil-cut. In Section 4, tool 
path generation for multilayer fillet-cut is presented. 
Section 5 discusses computer implementation, fol-
lowed by conclusions in Section 6. 
2. Main Process of Point-searching Algorithm 
Usually, an impeller is composed of blades and hub. A 
blade of an impeller is composed of a suction surface, a 
leading edge and a pressure surface (see Fig. 1). During 
clean-up machining the impeller with pencil-cut, the 
cutter is tangent to both the blade surface and the hub 
surface. Thus, the distance between the tool center point 
and the blade surface should be equal to the distance 
between the tool center point and the hub surface, which 
is called distance requirement. According to this point, 
the point-searching algorithm is developed.  
 
Fig. 1  Geometric model of impeller. 
During the searching process, the searching direc-
tion and the tracing direction need to be firstly deter-
mined. Then, given an initial searching point, the ob-
jective of the algorithm is to find a point which satis-
fies the distance requirement in the searching direc-
tion. 
2.1. Determination of searching direction and tracing 
direction 
Before searching, the blade surfaces should be repa-
rameterized in the same direction. It is assumed that 
parametric direction v is along the blade height and 
parametric direction u is along the blade length. In one 
blade surface’s parametric domain, an arbitrary point 
Pi(ui, v0) is selected as the initial searching point. ui is 
kept constant and v0 should be changed to search  
cutter contact (CC) point at current position, then the 
changing direction v is defined as the searching direc-
tion. After the final CC point (ui, vi) at current position 
is found, the next initial searching point can be deter-
mined by keeping vi constant and adding Δu to ui, so 
this forward direction u is considered as the tracing 
direction. The tracing direction and the searching di-
rection can be seen in Fig. 2. 
2.2. Searching procedure 
As shown in Fig. 2, S1 is one of the reparameterized 
blade surfaces, and S0 the hub surface. While searching 
along v parametric direction at u=ui, there are three 
important points to be recorded: A(ui, vA), B(ui, vB) and 
Pi(ui, v0), which are located on u=ui isoparametric 
curve. Curve AB is used to represent the searching 
range where A and B are start point and end point re-
spectively. Pi is the midpoint of AB in parametric do-
main which can be expressed as follows: 
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Fig. 2  Determination of searching range. 
0 ( ) / 2A Bv v v= +              (1) 
The searching range vA and vB should be firstly de-
termined. For the first searching point P0, the search-
ing range is defined as vA=0, vB=1.0. Based on the pre-
vious CC point (ui -1, vi -1), the searching range for later 
CC point can be obtained by 
1
1
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            (2) 
where Δv is an increment of parameter v. Since the 
distortion of the blade surface is not very serious in 
such a small area and because of the surface continuity, 
the actual Δv is very small. For every initial searching 
point, when the searching range has been determined, 
the CC point and the cutter center point can be ob-
tained by narrowing the searching range gradually 
with dichotomy. At first, the midpoint Pi of the 
searching range should be calculated in parametric 
domain and Pi is expressed by (xi, yi, zi) in X-Y-Z coor-
dinate system. The temporary corresponding CL point 
Poffset is generated by offsetting the initial searching 
point Pi along its normal vector with the distance equal 
to the clean-up cutter radius R. The temporary corre-
sponding CL point can be found as follows: 
offset Si R= +P P n            (3) 
where nS is the corresponding surface normal vector of 
Pi on S1. Aimed at verifying whether Poffset satisfies the 
distance requirement, the distance between point Poffset 
and surface S0 (d) is calculated. For a given tolerance 
δR: 
1) If d-R>δR, the current searching point is far 
away from S0. By moving point B to the current point 
Pi, the searching range is narrowed and the new 
searching range can be represented as vA=vA, vB=vi. Pi 
now is the midpoint of the new searching range and 
recalculate CL point Poffset and d (Poffset, S0). 
2) If d-R<-δR, the current searching point is near to 
S0. By moving point A to the current point Pi, the 
searching range is narrowed and the new searching 
range can be represented as vA=vi,vB=vB. Pi now be-
comes the midpoint of the new searching range and 
recalculate CL point Poffset and d (Poffset, S0). 
3) If |d-R|≤δR, the current CL point Poffset just 
agrees with the distance requirement well. The search-
ing process for current searching point is finished and 
record Poffset as the final cutter center point at the cur-
rent position. 
To avoid the algorithm dropping into endless loop, a 
parametric tolerance δv is given. If vB-vA<δv and 
|d-R|>δR, in other words, while start point A of the 
searching range nearly coincides with end point B of 
the searching range and Poffset still cannot satisfy the 
distance requirement, the searching program stops. It 
is considered that the required CC point could not be 
found in the initial searching range at the current posi-
tion. This problem can be solved through changing 
parametric increment Δv and recalculating the search-
ing range. 
3. Tool Path Generation for Pencil-cut 
For clean-up machining of an impeller, the fine open 
region results in more options for the tool axis orienta-
tion, meanwhile, there is few materials to remove. 
Generally, pencil-cut is used with a ball-end cutter of 
the same size with the clean-up region, which can get 
good finish surface quality and high efficiency. The 
principle of pencil-cut is shown in Fig. 3. The cutter is 
tangent to both blade surface and the hub surface with 
only one tool path. When generating the clean-up 
paths with point-searching method, the first CC point 
on blade surface should be calculated first. Then, the 
next initial searching point is determined based on the 
previous CC point and the next CC point is found. All 
the CC points and CL points can be obtained finally in 
the same way. Then the tool path for pencil-cut is cal-
culated through fitting all of the CL points. 
 
Fig. 3  Pencil-cut for clean-up machining of impeller. 
3.1. Definition of initial searching points 
The main process of tool path generation for pen-
cil-cut can be referred to Section 2. The first CC point 
on the blade surface has been calculated and its para-
metric coordinate is (0, v0). Given a parameter incre-
ment Δu, thus the next initial searching point is (Δu, 
v0). So, the nth initial searching point on blade surface 
is ((n-1)×Δu, vn -1). Since u parameters of all the initial 
searching points increase along the tracing direction, 
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these initial searching points are orderly and not re-
peated in the parameter domain; therefore, the gener-
ated tool center points are also orderly and not re-
peated. 
3.2.  Determination of tool orientation 
While milling the clean-up region of an impeller 
with a ball-end cutter, the feasible tool rotation range is 
constrained by the blade surface and the hub surface. 
Considering the unit sphere at the cutter center, the 
feasible tool orientation range can be expressed by the 
unit sphere surface. By interference checking and resp- 
ecting the limitations of leading angle and tilting angle, 
the feasible region of tool orientation is determined by 
partioning the unit sphere. Based on the simplified fea- 
sible region, constrained optimization method is used 
to get optimal tool orientations along the tool path 
(The main process in detail can be referred to 
Ref. [16]). 
3.3. Calculation of CL-data for pencil-cut 
After all the initial searching points have been 
searched, we get the orderly tool center point set. Fit-
ting the point set as a tool path for pencil-cut, for a tool 
center point OCi on the path, according to the tool axis 
vector Vi of current tool location and the cutter radius 
R, the current CL-data CCLi can be calculated:  
CL Ci i iR= −C O V                 (4) 
4. Tool Path Generation for Multilayer Fillet-cut 
For clean-up machining of complex impeller, their 
blades distort seriously and sometimes the impeller 
consists of small blades between big blades. In this 
case, the relatively closed clean-up region and small 
tool feasible region often result in the fact that the tool 
orientation is difficult to plan. In addition, when too 
much clean-up volume needs to be removed, the cut-
ting tool wears seriously and the cutting force on the 
tool is very complicated. Furthermore, the chip is diffi- 
cult to be discharged. For the machining part, the fin-
ish surface quality and integrity of clean-up region gre- 
atly influence the anti-fatigue properties of the parts. 
Therefore, the complexity of clean-up machining and 
the high quality requirements of machining parts de-
termine that pencil-cut cannot work well, especially 
for the parts with difficult-cut materials. In this case, 
fillet-cut is often used to clear the uncut volume of the 
clean-up region with a ball-end cutter of smaller size. 
In the following text, a multilayer fillet-cut method 
will be introduced. 
4.1. Determination of path number for each layer 
Aimed at determining the number of tool paths for 
each layer, the boundaries of each layer in the clean-up 
region must be obtained first. By using a series of in-
termediate virtual cutters {Ri}, the two boundaries of 
each layer can be easily calculated with the concept of 
pencil-cut. The size of intermediate virtual cutters {Ri} 
ranges from the clean-up region Rd to the finishing 
cutter Rlargest, i.e. Rd ≤Ri ≤ Rlargest, as shown in Fig. 4. 
Given the number of layers N, by using N intermediate 
virtual cutters, the clean-up volume can be divided into 
N layers. For each intermediate virtual cutter, we can 
get cutter center point and two tangent points on blade 
surface and hub surface while the virtual cutter is con-
sidered as a clean-up cutter by using pencil-cut, then 
the profile of the corresponding layer with the cutter is 
obtained. Figure 5 shows fillet-cut for each layer. 
When machining the several outer layers, it aims at 
removing the material in the clean-up region fast and 
has no precise requirements of profile, so the tool 
paths for these layers are as less as the material that 
can be removed completely. 
 
Fig. 4  Machining layers in clean-up region. 
 
Fig. 5  Fillet-cut for each layer. 
For the last layer, the number n of tool paths can be 
calculated by the given cusp-height tolerance τ. Figure 
6 shows a sampling section plane defined by an 
intermediate virtual cutter center Oj and two boundary 
points Aj and Bj on final layer, where j is the index of 
the sampling section plane along the cutting direction. 
βj is the angle between normal vectors at Aj and Bj. 
The following geometric relationship is observed: 
2
2
d c d c d c( )sin ( )cos2 2
R r R r R rα ατ ⎡ ⎤− = − − + −⎢ ⎥⎣ ⎦  (5) 
where rc is the radius of clean-up cutter. With Eq. (5), 
we can calculate α, which is the angle between normal 
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vectors at two neighboring CC points on the section 
plane. Therefore, considering the variant βj, the num-
ber n of tool paths for final layer can be obtained as 
follows: 
          ( )max 1jn βα
+⎡ ⎤⎢ ⎥= +⎢ ⎥⎣ ⎦
           (6) 
where [ ]+ is the roundup operator for integer value. 
 
Fig. 6  Calculation of the number of paths for final layer. 
4.2. Generation for tool paths 
As shown in Fig. 7, nA is the normal vector at the 
starting boundary point and nB the normal vector at the 
ending boundary point on one layer. The number of 
tool paths for each layer is ni, where i is the index of 
layer. By gradually rotating the vector nA to nB around 
the center axis vector which is expressed as nA×nB, β is 
divided into ni-1 sections with an average angle 
β /(ni -1) for each section, and the mth CL point can be 
calculated: 
c( )mi i i mR r= − −O O n           (7) 
where nm is the normal vector at the mth CL point, 
which has been computed by rotating nA. By sequenc-
ing the CL points and fitting them into tool paths for 
one layer, the tool paths for all layers can be generated 
finally. With the strategy for planning optimal smooth 
 
Fig. 7  Calculation of CL points for one layer. 
tool orientations mentioned in Section 3.2, the CL-data 
for multilayer fillet-cut are calculated finally. 
5. Computer Implementation 
In order to verify the accuracy and effectiveness of 
the proposed method, by secondary developing the 
software of UG NX7.0 with C++ programming lan-
guage, the method has been realized and implemented 
on 2.8 GHz personal computers. Figure 8 is the CAD 
model of an impeller. The design radius of the clean- 
up region is 6.0 mm, and tool path for pencil-cut is 
shown in Fig. 9. The radius of the cutter which finishes 
machining the blade surface is 8.0 mm. Fig. 10 shows 
the tool paths for fillet-cut with layer number 3, 
cusp-height 0.1 mm and Ø8.0 mm ball-end mill cutter. 
The whole calculating process consumes 5.1 s and the 
searching process is very steady. The generated paths 
are continuous and smooth, especially around the 
leading edge. Multilayer fillet-cut can ensure that the 
clean-up cutter transits from the hub surface to the 
blade surface easily and smoothly. Moreover, the chips 
can be easily discharged during the machining process, 
thus, we can get a finish surface of good quality.  
 
Fig. 8  Model of impeller.   
 
Fig. 9  Tool path for pencil-cut. 
 
Fig. 10  Tool paths for multilayer fillet-cut. 
The generated tool paths are verified by NC simula-
tion. Figure 11 shows the simulation result of clean-up 
machining the given impeller model with multilayer 
fillet-cut method. The CL at the clean-up boundary 
matches the blade machining area and the hub ma-
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chining area well, and all of the clean-up regions have 
good surface quality. 
 
Fig. 11  Simulation of multilayer fillet-cut. 
6. Conclusions 
A new tool path generation method for clean-up ma-
chining of impeller based on point-searching is pro-
posed in this paper. Compared with traditional equi- 
distant-offset surface method and the existing search-
ing approach, the main advantages of the proposed 
approach are as follows: 
1) By employing the proposed method to generate 
tool paths, complicated surface offset intersection can 
be avoided and the whole process is very stable and 
time-saving. 
2) Computer implementation is provided and the 
result shows that the approach is feasible and efficient. 
With this approach, both pencil-cut and multilayer 
fillet-cut paths can be generated fast as well as effec-
tively and good finish surface quality can be obtained. 
3) This simple and efficient method can automati-
cally define the clean-up region rapidly and precisely, 
even for the clean-up region which is not an accurate 
arc transition. 
4) The proposed method can be applied to machin-
ing both closed clean-up region and unclosed clean-up 
region. Furthermore, the developed approach is of very 
important practical significance to generate tool paths 
for clean-up machining of other complex models even 
polyhedral models. 
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